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内  容  简  介 
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前    言 

现代科学、技术、工程中的大量数学模型都可以用微分方程来描述, 很多近

代自然科学的基本方程本身就是微分方程. 绝大多数微分方程(特别是偏微分方

程)定解问题的解很难以实用的解析形式来表示. 在科学的计算机化进程中, 科

学与工程计算作为一门工具性、方法性、边缘交叉性的新学科开始了自己的新发

展, 微分方程数值解法也得到了前所未有的发展和应用. 由于科学基本规律大多

是通过微分方程来描述的, 科学与工程计算的主要任务就是求解形形色色的微分

方程定解问题. 因此, 今天需要掌握和应用微分方程数值解法的已不再限于数学

系的学生, 大量从事力学、物理学、天文学的科研人员, 电子、电机、机械、动

力、航空、航天、土木、地质勘探、油田开发等领域的工程技术人员也把这门学

科作为自己领域的一种主要研究手段. 

作为微分方程数值解法入门性质的教材, 本书力求具有如下4个方面的特点: 

一是精选内容, 重点介绍有限差分方法, 简单介绍有限元方法. 对于微分方程定

解问题的每一个差分方法, 基本上按照(1)差分格式的建立; (2)差分格式的求解; 

(3)算例; (4)差分格式解的先验估计; (5)差分格式的可解性、收敛性和稳定性等 5

个方面展开. 前 3 个方面是基本的, 理论分析的重点是差分格式解的先验估计, 

有了先验估计, 可解性、收敛性和稳定性是很容易得到的. 对有限元方法作了一

个简单的介绍, 按(1)变分原理; (2)Ritz-Galerkin 方法; (3)区域剖分及基函数的

性质; (4)有限元方程; (5)有限元方程的求解; (6)算例等 6 个方面展开. 重点告诉

学生如何应用有限元方法, 而不涉及有限元方法的理论分析. 二是难点分散, 多

条“平行线展开”. 先对简单问题介绍微分方程数值解法中的常用研究方法, 然后

将这些研究方法逐个应用到较复杂的问题上. 三是强调会“用”各种数值方法. 先

举例示范, 再要求学生模仿, 在计算机上算出数值结果, 对结果作出分析, 最后

熟练掌握所学各种方法. 四是在每章的小结与拓展中给学有余力的同学留下较多

的可进一步钻研的空间.  

我的研究生李福乐、刘剑明、李雪玲、吴静宇帮助作了部分数值计算、绘图

及文字排版工作, 作者向他们致以谢意. 



·ii·  前言 

 

吴宏伟老师应用本书的初稿在我校信息与计算科学专业 01级本科生 48学时

的微分方程数值解课程中试用,并提出了宝贵意见. 

我也应用本书的初稿在我校计算数学专业 03级硕士研究生 60学时的微分方

程数值解课程中试用. 要求学生将 2.4 节、3.6 节、4.3 节、5.4 节、6.3 节的有关

结论给出详细的推演过程, 并作研讨. 

讲完全书基本内容约需 45 至 55 学时. 

附录  A 可加深对课程内容的理解, 老师在讲解有关章节前可布置学生自学. 

附录 B 为扩大学生知识面而写, 给学有余力的同学提供一些学习素材. 

感谢东南大学数学系、教务处的领导对撰写本书的关心和鼓励. 感谢科学出

版社的编辑对本书的出版付出的辛勤劳动.  

诚望各位专家及广大读者提供宝贵意见. E-mail 地址:zzsun@seu.edu.cn. 

 
孙志忠 

2004 年 6 月 
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�������� Richardson ����

1.1 Dirichlet ����

���������

−u′′ + q(x)u = f(x), a < x < b, (1.1-1)

u(a) = α, u(b) = β, (1.1-2)

�� q(x) � 0, f(x) � ���	α 	 β � ����
� q(x) ≡ 0 !	��� (1.1-1) �������	� ��	!"�

u(x) = α+

[
β − α+

∫ b

a

(b− s)f(s)ds

]
x− a

b− a
−
∫ x

a

(x− s)f(s)ds.

#��"��#���$#��
������ q(x) �≡ 0 !	�%&���#�
 $����!%�����	'��&'$��(��� q(x) ≡ 1 � ()�
)��!)*"#$��%�+���� (���).

,-.#&"'����*��/ g(x) Æ() [x0 − h, x0 + h] 0*�1$�
�
+�	��

g(x0) =
1
2

[g(x0 − h) + g(x0 + h)] − h2

2
g′′(ξ0),

x0 − h < ξ0 < x0 + h; (1.2-1)

g′(x0) =
1
h

[g(x0 + h) − g(x0)] − h

2
g′′(ξ1),

x0 < ξ1 < x0 + h; (1.2-2)

g′(x0) =
1
h

[g(x0) − g(x0 − h)] +
h

2
g′′(ξ2),

x0 − h < ξ2 < x0; (1.2-3)

g′(x0) =
1
h

[
g

(
x0 +

h

2

)
− g

(
x0 − h

2

)]
− h2

24
g′′′(ξ3),



· 2 · , 1 � -2./0+12�3434.,5

x0 − h

2
< ξ3 < x0 +

h

2
; (1.2-4)

g′′(x0) =
1
h2

[g(x0 + h) − 2g(x0) + g(x0 − h)] − h2

12
g(4)(ξ4),

x0 − h < ξ4 < x0 + h. (1.2-5)

5� Taylor *�-.6 $ (1.2-1)∼(1.2-5) ��

1.1.1  !"�#$%


789:;/	01/1�����������6Æ*�1$2��7
3��

��������������8�9�4��() [a, b]5<�"&!.4(
) [a, b]�m:�	6 h = (b−a)/m , xi = a+ih , 0 � i � m, Ωh = {xi| 0 � i � m} .
; h � �"'(, xi � �")*, Ωh � �", ;�=Æ>� Ωh 0���� �"
+�. / v = {vi | 0 � i � m} � Ωh 0�>���	6

δxvi+ 1
2

=
1
h

(vi+1 − vi) , δ2xvi =
1
h

(
δxvi+ 1

2
− δxvi− 1

2

)
,

D+vi =
1
h

(vi+1 − vi), D−vi =
1
h

(vi − vi−1).

?Æ.#Æ>�7�0������ (1.1-1) 	 (1.1-2), �

−u′′(xi) + q(xi)u(xi) = f(xi), 1 � i � m− 1,

u(x0) = α, u(xm) = β.
(1.3)

�=>��� U = {Ui | 0 � i � m} :

Ui = u(xi), 0 � i � m.

, (1.2-5), �

u′′(xi) =
1
h2

[u(xi−1) − 2u(xi) + u(xi+1)] − h2

12
u(4)(ξi)

= δ2xUi − h2

12
u(4)(ξi), xi−1 < ξi < xi+1.

40�
8$ (1.3), � 

−δ2xUi + q(xi)Ui = f(xi) − h2

12
u(4)(ξi), 1 � i � m− 1, (1.4-1)

U0 = α, Um = β. (1.4-2)
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9:@�A −h
2

12
u(4)(ξi), �����:�

−δ2xUi + q(xi)Ui ≈ f(xi), 1 � i � m− 1, (1.5-1)

U0 = α, Um = β. (1.5-2)

(1.5-1) 	 (1.5-2) �����������;-������
Æ0��� ui 
� Ui, ��< = =
�< ≈ =	� 

−δ2xui + q(xi)ui = f(xi), 1 � i � m− 1, (1.6-1)

u0 = α, um = β. (1.6-2)

; (1.6-1) 	 (1.6-2) ��� (1.1-1) 	 (1.1-2)�  !"�. (1.6-1)	 (1.6-2)�>�
m+ 1 ���	m+ 1 �?�� u0, u1, · · · , um. .#�<���" (u0, u1, · · · , um),

=>� ui �� u(xi) �����?@���� (1.6-1) 	 (1.6-2) �@�;� ./
012. A@A	�BÆ (1.6-1) ������ Ui �
� ui, �.#�� $��
:� (1.5-1), ;����

Ri ≡ −δ2xUi + q(xi)Ui − f(xi)

����� (1.6-1) � 3456� . CD (1.4-1), ��

Ri = −h
2

12
u(4)(ξi).

B7�.#?@����!EF�@�	ACB���������;-���
1/���� C?@	�!"#8=D�	�ÆE��� $�����

�G�������H�������������� (	9
)? FD@���
E����FG�G (�:
)?

1.1.2  !"�#;<

4 (1.6-1) ��%!I� h2, � 

−ui−1 +
(
2 + h2q(xi)

)
ui − ui+1 = h2f(xi), 1 � i � m− 1.


� (1.6-1) 	 (1.6-2) �H�⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0

−1 2 + h2q(x1) −1
. . . . . . . . .

−1 2 + h2q(xm−1) −1

0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

u0

u1

...

um−1

um

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
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=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

α

h2f(x1)
...

h2f(xm−1)

β

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, (1.7)

H⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2 + h2q(x1) −1

−1 2 + h2q(x2) −1
. . . . . . . . .

−1 2 + h2q(xm−2) −1

−1 2 + h2q(xm−1)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

u1

u2

...

um−2

um−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

h2f(x1) + α

h2f(x2)
...

h2f(xm−2)

h2f(xm−1) + β

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
. (1.8)

0I����J�I=�K�J�	;�� >?@A2�.

�
K�J����J���BK� (C;� Thomas D�) ��� �K�
J���

βlul + γlul+1 = dl,

αl+1ul + βl+1ul+1 + γl+1ul+2 = dl+1,

· · · · · · · · · · · ·
αn−1un−2 + βn−1un−1 + γn−1un = dn−1,

αnun−1 + βnun = dn.

(1.9)

L (1.9) �8�����" ul,  $

ul =
dl

βl
− γl

βl
ul+1.

6

gl =
dl

βl
, wl =

γl

βl
, (1.10)

��
ul = gl − wlul+1. (1.11)
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4��
8$ (1.9) �8M���	 $

αl+1(gl − wlul+1) + βl+1ul+1 + γl+1ul+2 = dl+1.

K
ul+1 = gl+1 − wl+1ul+2,

��
gl+1 =

dl+1 − αl+1gl

βl+1 − αl+1wl
, wl+1 =

γl+1

βl+1 − αl+1wl
.

LLM�N	� 

ui = gi − wiui+1, l + 1 � i � n− 1, (1.12)

��
gi =

di − αigi−1

βi − αiwi−1
, wi =

γi

βi − αiwi−1
. (1.13)

4OJ�
un−1 = gn−1 − wn−1un


8$ (1.9) ��>����	 $

αn(gn−1 − wn−1un) + βnun = dn.


�
un = gn, (1.14)

��
gn =

dn − αngn−1

βn − αnwn−1
. (1.15)

M un  �"	�, (1.12) 	 (1.11) �N��" un−1, un−2, · · · , ul+1, ul. D�
��@�������9�

8 1 9 N��� gl, wl; gl+1, wl+1; gl+2, wl+2; · · · ; gn−1, wn−1; gn.

8 2 9 NOA�P�� un, un−1, un−2, · · · , ul.

FD*����

(a) gl =
dl

βl
, wl =

γl

βl
,

gi =
di − αigi−1

βi − αiwi−1
, wi =

γi

βi − αiwi−1
, i = l + 1, l + 2, · · · , n− 1,

gn =
dn − αngn−1

βn − αnwn−1
.
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(b) un = gn,

ui = gi − wiui+1, i = n− 1, n− 2, · · · , l.
Q�	8P9;�<B=@�	8Q9;�<K=@�	D���@�;� 


EF.

M l = 1, n = N, �BK�G�HD�� 5N − 4 �IR�	 3N − 3�NO��
�I 1.1.1 5����� (1.6) FD��������

−u′′(x) + u(x) = ex(sinx− 2 cosx), 0 � x � π,

u(0) = 0, u(π) = 0.
(1.16)

S��������� u(x) = ex sinx.

4() [ 0, π] � m :�	6 h = π/m, xi = ih, 0 � i � m. �����
−δ2xui + ui = exi(sinxi − 2 cosxi), 1 � i � m− 1,

u0 = 0, um = 0.

! 1.1 &"B 4 �7�#����	P'%9T!1 �����! 1.2 U"BP
'%9T!Æ� 4 �7�#1 ����E��Q��	�����VE�

E∞(h) = max
0�i�m

|u(xi) − ui|.
L! 1.2��
"	�9T h R@$JA� 1/2!	�VE�KR@$JA� 1/4.

S 1.1 U"B���RT	P h = π/10 !1 ���RT�S 1.2 U"BP'%
9T!1 ����E�RT�

L 1.1 �M 1.1.1 NOPQRSTUVWXY�Z[��\S��V

h
x

π/5 2π/5 3π/5 4π/5

π/10 1.064007 3.266548 6.166191 7.178725

π/20 1.092311 3.322830 6.239355 7.237039

π/40 1.099410 3.336920 6.257628 7.251546

π/80 1.101186 3.340444 6.262195 7.255169

π/160 1.101630 3.341320 6.263337 7.256074

ST, 1.101778 3.341619 6.263717 7.256376

L 1.2 �M 1.1.1 XY�Z[�NOPQR��VS�]S^_�W��VS�`�]

h
x

E∞(h) E∞(2h)/E∞(h)
π/5 2π/5 3π/5 4π/5

π/10 3.777e−2 7.507e−2 9.753e−2 7.765e−2 9.753e−2 *

π/20 9.467e−3 1.879e−2 2.436e−2 1.934e−2 2.439e−2 3.999

π/40 2.368e−3 4.698e−3 6.089e−3 4.829e−3 6.115e−3 3.999

π/80 5.921e−4 1.175e−3 1.522e−3 1.207e−3 1.529e−3 3.999

π/160 1.480e−4 2.937e−4 3.806e−4 3.017e−4 3.822e−4 4.001
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U 1.1 VU 1.1.1 ST,VWWXWX h = π/10 XY�,VW

U 1.2 VU 1.1.1 XYZWXX[ZY�,3\4VW
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1.1.3  !"�<#��ab�

������-][F�Æ��������YcOZ���
6

Vh =
{
v | v = {vi, | 0 � i � m}�Ωh0�>���[ v0 = vm = 0

}
.

/ v ∈ Vh, ^5��6\

‖ v ‖∞= max
0�i�m

|vi| , ‖ v ‖=
√√√√h

m−1∑
i=1

v2
i ,

|v|1 =

√√√√h

m∑
i=1

(
δxvi− 1

2

)2

, ‖ v ‖1=
√
‖ v ‖2 +|v|21 .

B#0� Vh 0�\�	�];�8]\� ( �d\�), Q\� ( L2 \�	^0\
�), �_� 2 \�	 H1 \��

�e 1.1.1 (1) / u = {ui | 0 � i � m}, v = {vi | 0 � i � m} � Ωh 0�>�
��	��

−h
m−1∑
i=1

(δ2xui)vi = h
m∑

i=1

(δxui− 1
2
)(δxvi− 1

2
) + (D+u0)v0 − (D−um)vm. (1.17-1)

(2) / v ∈ Vh, ��

‖ v ‖∞�
√
b− a

2
|v|1, (1.17-2)

‖ v ‖� b − a√
6

|v|1, (1.17-3)

h

m−1∑
i=1

(−δ2xvi)vi = |v|21. (1.17-4)

�f (1)

−h
m−1∑
i=1

(δ2xui)vi

= −
m−1∑
i=1

(
δxui+ 1

2
− δxui− 1

2

)
vi

=
m−1∑
i=1

(
δxui− 1

2

)
vi −

m−1∑
i=1

(
δxui+ 1

2

)
vi
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=
m−1∑
i=1

(
δxui− 1

2

)
vi −

m∑
i=2

(
δxui− 1

2

)
vi−1

=
m∑

i=1

(
δxui− 1

2

)
(vi − vi−1) +

(
δxu 1

2

)
v0 −

(
δxum− 1

2

)
vm

= h

m∑
i=1

(δxui− 1
2
)(δxvi− 1

2
) + (D+u0)v0 − (D−um)vm.

(1.17-1)  g�
(2) �
 1 � i � m− 1, _� v0 = vm = 0, �

vi =
i∑

j=1

(vj − vj−1) = h

i∑
j=1

δxvj− 1
2
,

vi = −
m∑

j=i+1

(vj − vj−1) = −h
m∑

j=i+1

δxvj− 1
2
.

4�0M����]^�	h5� Cauchy-Schwarz':�	� 

v2
i �

⎛
⎝h i∑

j=1

12

⎞
⎠ h

i∑
j=1

(δxvj− 1
2
)2 = (xi − a)h

i∑
j=1

(δxvj− 1
2
)2, (1.18-1)

v2
i �

⎛
⎝h m∑

j=i+1

12

⎞
⎠ h

m∑
j=i+1

(δxvj− 1
2
)2 = (b − xi)h

m∑
j=i+1

(δxvj− 1
2
)2. (1.18-2)

4 (1.18-1) I� b− xi, 4 (1.18-2) I� xi − a, �41 7BON	 

(b−a)v2
i � (xi−a)(b−xi)h

m∑
j=1

(δxvj− 1
2
)2 � (xi−a)(b−xi)|v|21, 1 � i � m−1. (1.19)

5�

(xi − a)(b − xi) � (b− a)2

4
,

� 

(b − a)v2
i � (b− a)2

4
|v|21,

K

|vi| �
√
b− a

2
|v|1, 1 � i � m− 1.

hi`$ v0 = 0, vm = 0, �

‖ v ‖∞�
√
b− a

2
|v|1.
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4 (1.19) ��%I� h, �� i �		 

(b − a)‖v‖2 � h
m−1∑
i=1

(xi − a)(b − xi)|v|21 = h
m−1∑
i=1

(ih) × ((m− i)h)|v|21

= h3

(
m

m−1∑
i=1

i−
m−1∑
i=1

i2

)
|v|21 =

1
6
m(m2 − 1)h3|v|21

� 1
6
(mh)3|v|21 � 1

6
(b− a)3|v|21.

,0�6�
‖ v ‖� b − a√

6
|v|1.

, (1.17-1) 6� (1.17-4) �@�
^`g^�
:e 1.1.1 / v = {vi | 0 � i � m} �����

−δ2xvi + q(xi)vi = fi, 1 � i � m− 1, (1.20-1)

v0 = 0, vm = 0 (1.20-2)

��	��

|v|1 � b− a√
6

‖ f ‖, (1.21-1)

‖ v ‖∞ � (b − a)2

2
√

6
max

1�i�m−1
|fi|, (1.21-2)

��

‖ f ‖=
√√√√h

m−1∑
i=1

f2
i .

�f 4 (1.20-1) ��%!I� h vi, �� i �		 

h

m−1∑
i=1

(−δ2xvi)vi + h

m−1∑
i=1

q(xi)v2
i = h

m−1∑
i=1

fivi. (1.22)

,^` 1.1.1, �

h

m−1∑
i=1

(−δ2xvi)vi = |v|21.

, q(x) � 0, �

h

m−1∑
i=1

q(xi)v2
i � 0.
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, Cauchy-Schwarz':�	�

h
m−1∑
i=1

fi vi �

√√√√h
m−1∑
i=1

f2
i ·
√√√√h

m−1∑
i=1

v2
i =‖ f ‖ · ‖ v ‖ .

4�0K�
8$ (1.22), � 

|v|21 �‖ f ‖ · ‖ v ‖ .

_�^` 1.1.1,  

|v|21 �‖ f ‖ ·b− a√
6

|v|1,

a_

|v|1 � b− a√
6

‖ f ‖ .

h�_�^` 1.1.1, � 

‖ v ‖∞�
√
b− a

2
· |v|1 �

√
b − a

2
· b− a√

6
‖ f ‖� (b− a)2

2
√

6
max

1�i�m−1
|fi|.

�`g^�

1.1.4  !"�<#j�
`	9
k�:


j�

:e 1.1.2 ���� (1.6-1) 	 (1.6-2) �b�����
�f ���� (1.6-1) 	 (1.6-2) �Tc�����a����

−δ2xui + q(xi)ui = 0, 1 � i � m− 1,

u0 = 0, um = 0.
(1.23)

,�` 1.1.1 �
‖ u ‖∞= 0,

K
ui = 0, 0 � i � m.

a_���� (1.6-1) 	 (1.6-2) �b������`g^�
	9

:e 1.1.3 / {u(x) | a � x � b}����� (1.1-1)	 (1.1-2)��	{ui |0 �

i � m} ����� (1.6-1) 	 (1.6-2) ���6

ei = u(xi) − ui, 0 � i � m, (1.24)
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��
‖ e ‖∞� M4(b− a)2

24
√

6
h2,

��
M4 = max

a�x�b
|u(4)(x)|.

�f 4 (1.4-1) 	 (1.4-2) �]l (1.6-1) 	 (1.6-2) OO E���
−δ2xei + q(xi)ei = Ri, 1 � i � m− 1,

e0 = 0, em = 0.

,�` 1.1.1,  

‖ e ‖∞� (b − a)2

2
√

6
max

1�i�m−1
|Ri| � M4(b − a)2

24
√

6
h2.

�`g^�
:� 1.1.1 �B ‖ e ‖= O(hp), �;����Æ\� ‖ · ‖ �� pm	9#.

,��=b�` 1.1.3 �	���� (1.6-1) 	 (1.6-2) Æ8]\� ‖ · ‖∞ ��
M2dc��

�:

edFD!	E��'�ae��f�ÆFD f(xi) !!��D���@�E

� gi. / v = (v0, v1, · · · , vm) �

−δ2xvi + q(xi)vi = f(xi) + gi, 1 � i � m− 1,

v0 = α, vm = β
(1.25)

���6
εi = vi − ui, 0 � i � m,

4 (1.6-1) 	 (1.6-2) l (1.25) OO	 

−δ2xεi + q(xi)εi = gi, 1 � i � m− 1,

ε0 = 0, εm = 0.
(1.26)

; (1.26) � noA2. B�(�l (1.6-1) 	 (1.6-2) M��,�` 1.1.1, �

‖ ε ‖∞� (b− a)2

2
√

6
max

1�i�m−1
|gi|.

� max
1�i�m−1

|gi| -@!	 ‖ ε ‖∞ f-@�
�.# $�I�`�
:e 1.1.4 ���� (1.6-1) 	 (1.6-2) Æ�I`=��pb���g���

/ {ui | 0 � i � m} �����

−δ2xui + q(xi)ui = fi, 1 � i � m− 1,

u0 = 0, um = 0
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��	��
‖ u ‖∞� (b− a)2

2
√

6
max

1�i�m−1
|fi|.

1.1.5 Richardson Æ�F

/
�� p ������� p0(h). � h→ 0 !	�E�2� O(h2), �[ p l
p0(h) q)�OJ�!"�c

p = p0(h) + αh2 +O(h4), (1.27)

�� α ��l h 8O�
Æ (1.27) �� h/2 
� h,  

p = p0

(
h

2

)
+ α

(
h

2

)2
+O

((
h

2

)4)
. (1.28)

p0(h/2) f� p ���M2����?Æ� 4/3 I� (1.28) ��b	� 1/3 I�
(1.27) ��b	�47BOO	� 

p =
4
3
p0

(
h

2

)
− 1

3
p0(h) +O(h4).

M6

p1(h) =
4
3
p0

(
h

2

)
− 1

3
p0(h), (1.29)

��
p = p1(h) +O(h4).

KMP p1(h) �� p �C����	Bd p0(h) 	 p0(h/2) *�e��E�2�
.#Æ (1.29) ;� Richardson Æ�r�, _Æ�sLf������ p0(h) 	
p0(h/2) C@Tc�g $���������;� Richardson Æ�F. Æ��
���	���f�-�h��6 h �9T	1 ���� (1.6-1) 	 (1.6-2) ��
� ui(h), 0 � i � m. .#����`�

:e 1.1.5 /������

−w′′(x) + q(x)w(x) = − 1
12
u(4)(x), a < x < b,

w(a) = 0, w(b) = 0
(1.30)

*�73�	�

max
0�i�m

∣∣∣∣u(xi) −
[
4
3
u2i

(
h

2

)
− 1

3
ui(h)

]∣∣∣∣ = O(h4),
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�� h = (b− a)/m, xi = a+ ih, 0 � i � m.

�f , Taylor th�	� 

u′′(xi) = δ2xUi − h2

12
u(4)(xi) − h4

360
u(6)(ηi), ηi ∈ (xi−1, xi+1).


� (1.4-1) 	 (1.4-2) �H�

−δ2xUi + q(xi)Ui = f(xi) − h2

12
u(4)(xi) − h4

360
u(6)(ηi), 1 � i � m− 1,

U0 = α, Um = β.
(1.31)

4 (1.31) l (1.6-1) 	 (1.6-2) OO	 $��E���

−δ2xei + q(xi)ei = −h
2

12
u(4)(xi) − h4

360
u(6)(ηi), 1 � i � m− 1,

e0 = 0, em = 0.
(1.32)

� (1.30) gu����

−δ2xwi + q(xi)wi = − 1
12
u(4)(xi), 1 � i � m− 1,

w0 = 0, wm = 0.
(1.33)

,�` 1.1.3, �

max
1�i�m−1

|w(xi) − wi(h)| � (b − a)2

24
√

6
max

a�x�b
|w(4)(x)|h2,

K
w(xi) = wi(h) +O(h2), 1 � i � m− 1. (1.34)

c 6
ri = ei − h2wi,

� h2 I� (1.33), �47Bl (1.32) OO	 

−δ2xri + q(xi)ri = − h4

360
u(6)(ηi), 1 � i � m− 1,

r0 = 0, rm = 0.

,�` 1.1.1, �
max

0�i�m
|ri| � (b− a)2

2
√

6
· h

4

360
max

a�x�b
|u(6)(x)|,

K
u(xi) − ui(h) − h2wi(h) = O(h4), 1 � i � m− 1. (1.35)
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, (1.34) 	 (1.35) � 

u(xi) = ui(h) + h2wi(h) +O(h4) = ui(h) + h2w(xi) +O(h4), 1 � i � m− 1.

M�N	� 

u(xi) = u2i

(
h

2

)
+
(
h

2

)2

w(xi) +O(h4), 1 � i � m− 1.

,�0���

u(xi) =
4
3
u2i

(
h

2

)
− 1

3
ui(h) +O(h4), 1 � i � m− 1.

�`g^�
�I 1.1.2 �����FDDf 1.1.1 1U�������
! 1.3 U"B�VE�

Ê∞(h) = max
1�i�m−1

∣∣∣∣u(xi) −
[
4
3
u2i

(
h

2

)
− 1

3
ui(h)

]∣∣∣∣ .
L 1.3 �M 1.1.2 XY�Z[���VS�`�]

h Ê∞(h) Ê∞(2h)/Ê∞(h)

π/10 1.009e−4 *

π/20 6.846e−6 14.74

π/40 4.308e−7 15.89

π/80 2.697e−8 15.97

π/160 1.689e−9 15.97

π/320 9.588e−11 17.62

1.1.6 v !"�

i
v(x) = u′′(x), (1.36)

�, (1.1-1), �
v(x) = q(x)u(x) − f(x). (1.37)

�=>���
Ui = u(xi), Vi = v(xi), 0 � i � m.

, Taylor th�	� 
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u′′(xi) = δ2xUi − h2

12
u(4)(xi) − h4

360
u(6)(ηi),

= δ2xUi − h2

12
v′′(xi) − h4

360
u(6)(ηi),

= δ2xUi − h2

12

[
δ2xVi − h2

12
v(4)(ξi)

]
− h4

360
u(6)(ηi),

= δ2xUi − 1
12

(Vi−1 − 2Vi + Vi+1) +
[

1
144

u(6)(ξi) − 1
360

u(6)(ηi)
]
h4,

�� ξi, ηi ∈ (xi−1, xi+1).

40�
8$ (1.3) �5� (1.37), � 

−δ2xUi +
1
12

[q(xi−1)Ui−1 + 10q(xi)Ui + q(xi+1)Ui+1]

=
1
12

[f(xi−1) + 10f(xi) + f(xi+1)] +
[

1
144

u(6)(ξi) − 1
360

u(6)(ηi)
]
h4,

1 � i � m− 1,

U0 = α, Um = β.

9:@�A
[

1
144

u(6)(ξi) − 1
360

u(6)(ηi)
]
h4, � ui 
� Ui,  $������

−δ2xui +
1
12

[q(xi−1)ui−1 + 10q(xi)ui + q(xi+1)ui+1]

=
1
12

[f(xi−1) + 10f(xi) + f(xi+1)] , 1 � i � m− 1,

u0 = α, um = β.

(1.38)

��g/���� (1.38)�b����	Æ8]\���i2dc�[�g���
� xi−1, xi, xi+1 K�1gu���������� (1.38) ���%$��2

O(h4), ;�� v !"�.

�I 1.1.3 5����� (1.38) FDDf 1.1.1 1U��������
4() [ 0, π] � m :�	6 h = π/m, xi = ih, 0 � i � m. �����

− 1
h2

(ui−1 − 2ui + ui+1) +
1
12

(ui−1 + 10ui + ui+1)

=
1
12

[exi−1(sinxi−1 − 2 cosxi−1) + 10exi(sinxi − 2 cosxi)

+exi+1(sinxi+1 − 2 cosxi+1)], 1 � i � m− 1,

u0 = 0, um = 0.

! 1.4 &"B 4 �7�#����	P'%9T!1 �����! 1.5 U"BP
'%9T!Æ� 4 �7�#1 ����E��Q��	�����VE�

E∞(h) = max
0�i�m

|u(xi) − ui|.
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L! 1.5��
"	�9T hR@$JA� 1/2!	�VE�KR@$JA� 1/16.

S 1.3 U"B���RT	P h = π/10 !1 ���RT�,
����O�E
���j�q�wp	���RT	���RT'jxg�S 1.4 U"BP'%9
T!1 ����E�RT�

L 1.4 �M 1.1.3 NOPQRSTUVWXY�Z[��\S��V

h
x

π/5 2π/5 3π/5 4π/5

π/10 1.101789 3.341453 6.263188 7.255585

π/20 1.101778 3.341608 6.263684 7.256326

π/40 1.101778 3.341618 6.263715 7.256373

π/80 1.101778 3.341618 6.263717 7.256376

π/160 1.101778 3.341619 6.263717 7.256376

ST, 1.101778 3.341619 6.263717 7.256376

L 1.5 �M 1.1.3 XY�Z[�NOPQR��VS�]S^_�W��VS�`�]

h
x

E∞(h) E∞(2h)/E∞(h)
π/5 2π/5 3π/5 4π/5

π/10 1.105e−5 1.658e−4 5.289e−4 7.910e−4 7.910e−4 *

π/20 5.547e−7 1.063e−5 3.339e−5 4.971e−5 4.971e−5 15.91

π/40 3.253e−8 6.685e−7 2.093e−6 3.111e−6 3.111e−6 15.98

π/80 2.000e−9 4.185e−8 1.309e−7 1.945e−7 1.946e−7 15.99

π/160 1.246e−10 2.616e−9 8.180e−9 1.216e−8 1.216e−8 16.00

U 1.3 VU 1.1.3 ST,VWWX h = π/10 X[ZY�,VW
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U 1.4 VU 1.1.3 XYZWXX[ZY�,3\4VW

1.2 hk�k���

����+��l���

−u′′(x) + q(x)u(x) = f(x), a < x < b, (1.39-1)

−u′(a) + λ1u(a) = α, u′(b) + λ2u(b) = β, (1.39-2)

�� q(x) � 0, f(x)� ��
��	λ1 � 0, λ2 � 0, α, β � ���	λ1 +λ2 = 0

	 q(x) ≡ 0 '%!�@�

1.2.1  !"�#$%

Æ7�#�� (1.39-1) 	 (1.39-2), �

−u′′(xi) + q(xi)u(xi) = f(xi), 1 � i � m− 1, (1.40-1)

−u′(x0) + λ1u(x0) = α, u′(xm) + λ2u(xm) = β. (1.40-2)

�
 (1.40-1), 5�

u′′(xi) = δ2xUi − h2

12
u(4)(ξi), 1 � i � m− 1,
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�
 (1.40-2), 5�

u′(x0) =
u(x1) − u(x0)

h
− h

2
u′′(ξ0) = D+U0 − h

2
u′′(ξ0), ξ0 ∈ (x0, x1),

u′(xm) =
u(xm) − u(xm−1)

h
+
h

2
u′′(ξm) = D−Um +

h

2
u′′(ξm), ξm ∈ (xm−1, xm),

�

−δ2xUi + q(xi)u(xi) = f(xi) − h2

12
u(4)(ξi), 1 � i � m− 1,

−D+U0 + λ1u(x0) = α− h

2
u′′(ξ0),

D−Um + λ2u(xm) = β − h

2
u′′(ξm).

(1.41)

9:@�A	� 

−δ2xUi + q(xi)u(xi) ≈ f(xi), 1 � i � m− 1,

−D+U0 + λ1u(x0) ≈ α, D−Um + λ2u(xm) ≈ β.
(1.42)

Æ0��� ui 
� u(xi), ��< = =
�< ≈ =	� ������

−δ2xui + q(xi)ui = f(xi), 1 � i � m− 1, (1.43-1)

−D+u0 + λ1u0 = α, D−um + λ2um = β. (1.43-2)

(1.43-1) �njE�� O(h2), _ (1.43-2) �njE�� O(h).

�B��+��l�
�k���	i`$�� (1.39-1), �

u′′(x0) = q(x0)u(x0) − f(x0), u′′(xm) = q(xm)u(xm) − f(xm).

, Taylor th�	�

u′(x0) = D+U0 − h

2
u′′(x0) − h2

6
u′′′(ξ̄0)

= D+U0 − h

2
[q(x0)u(x0) − f(x0)] − h2

6
u′′′(ξ̄0), x0 < ξ̄0 < x1,

u′(xm) = D−Um +
h

2
u′′(xm) − h2

6
u′′′(ξ̄m)

= D−Um +
h

2
[q(xm)u(xm) − f(xm)] − h2

6
u′′′(ξ̄m),

xm−1 < ξ̄m < xm.
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4�0M�
8$ (1.40-2),  $

−δ2xUi + q(xi)Ui = f(xi) − h2

12
u(4)(ξi), 1 � i � m− 1,

−D+U0 +
h

2
[q(x0)U0 − f(x0)] + λ1U0 = α− h2

6
u′′′(ξ̄0),

D−Um +
h

2
[q(xm)Um − f(xm)] + λ2Um = β +

h2

6
u′′′(ξ̄m).

(1.44)

:�@�A	� ���;-������

−δ2xUi + q(xi)Ui ≈ f(xi), 1 � i � m− 1,

−D+U0 +
h

2
q(x0)U0 + λ1U0 ≈ α+

h

2
f(x0),

D−Um +
h

2
q(xm)Um + λ2Um ≈ β +

h

2
f(xm).

����� (1.39-1) 	 (1.39-2) ?@������

−δ2xui + q(xi)ui = f(xi), 1 � i � m− 1, (1.45-1)

−D+u0 +
h

2
q(x0)u0 + λ1u0 = α+

h

2
f(x0), (1.45-2)

D−um +
h

2
q(xm)um + λ2um = β +

h

2
f(xm). (1.45-3)

�� (1.39-1)��	Æ���� (1.45-1)	�l�
 (1.39-2)��	Æ�� (1.45-2)

	 (1.45-3) �njE�0� O(h2).

1.2.2  !"�#;<

���� (1.43) ��H����Tc���
⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 + λ1h −1

−1 2 + h2q(x1) −1
. . . . . . . . .

−1 2 + h2q(xm−1) −1

−1 1 + λ2h

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

u0

u1

...

um−1

um

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

hα

h2f(x1)
...

h2f(xm−1)

hβ

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.

(1.46)


